ON BESSEL AND GRUSS INEQUALITIES FOR 
ORTHORNORMAL FAMILIES IN INNER PRODUCT SPACES 

S.S. DRAGOMIR 



Abstract. A new counterpart of Bessel's inequality for orthornormal families 
in real or complex inner product spaces is obtained. Applications for some 
Grass type results are also provided. 



1. Introduction 

In the recent paper [2], the following refinement of the Griiss inequality was 
proved. 

Theorem 1. Let (H, (•, •)) be an inner product space over K (K = K, C) and e € H, 
||e|| = 1. If (/), $,7, r are real or complex numbers and x,y are vectors in H such 
that either 

(1.1) Re ($e — x, x — (j>e) > and Re (re — y, y — je) > 

or, equivalently, 



(1.2) 



< - 1$ 
- 2 1 



y 



7 + r 



hold, then we have the following refinement of the Griiss inequality 

(1.3) \(x,y) - (x,e) (e,y)\ 

1 ii 

< - |$ - </>| |r - 7| - [Re ($e -x,x- <j>e)\ 2 [Re (re -y,y- je)] 2 

< i|$-0||r- 7 |. 

T/ie constant \ is best possible in both inequalities. 

Note that the inequality between the first and last term in (1.3) was firstly 
established in [1]. 

A generalisation of the above result for finite families of orthornormal vectors 
has been pointed out in [3]. 
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Theorem 2. Let {ei} i£l be a family of orthornormal vectors in H, F a finite part 
of J, fa, $i, 7i, e K (K = E, C) , i e F and x,y e H. If 



(1.4) 

or, equivalently, 
(1.5) 



Re ( E $iei - £,3? - E ^e, y > 0, 
\i=l »=i / 

/ n n \ 



1=1 



ieF 

;eF 

hold, then we have the inequalities 



<5(Ei**-«w 

Wf 



ieF 



(1.6) 



ieF 



< 



Ei r *-*i a 

VieF 



Re ( E $i6i - ^ 21 _ E ^ 

\i£F ieF 



Re ( E r * e i - 2/, V ~ E 7 * ei 

\ieF ieF I 



< 



jGF 



Ei r < 

vieF 



TTie constant \ is best possible. 

Remark 1. We note that the inequality between the first term and the last term 
for real inner products under the assumption (1-4), has been proved by N. Ujevic in 
[4]- 

The following corollary provides a counterpart for the well known Bessel's in- 
equality in real or complex inner product spaces (see also [3]). 

Corollary 1. With the above assumptions for {ei} ieI , F, <j) i , <j>i and x, one has the 
inequalities 

(1.7) " : ' 12 V ~~ 12 



o< H 2 -ElM| 

ieF 

< jEi^-^i 2 - Re (E^ 

ieF 

<zEi*<-*< 



ieF 



E ) 

i£F / 



ieF 



with j as the best possible constant in both inequalities. 
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It is the main aim of this paper to point out a different counterpart for the Bessel 
and Griiss inequalities stated above. Some related results are also outlined. 

2. A Counterpart of Bessel's Inequality 

The following lemma holds. 

Lemma 1. Let {ei} ieI be a family of orthornormal vectors in H, F a finite part 
of I, Aj e K, i e F, r > and x e H. If 



(2.1) 



ieF 



then we have the inequality 

(2.2) < H 2 - £ \{x, e,)| 2 < r 2 - £ |A, - (x, e 2 )\ 2 . 



ieF 



ieF 



Proof. Consider 
h := 



x — Y^ Xie 

ieF 

2 



^2>*ei,x- Y2 X . 



\ ieF jeF I 

- Y2 Xi( < x > e ^ ~ Yl Xi e ^ + Yl Yj XiX i ^ ei ' e ^ 

ieF ieF ieF jeF 

2 -^Ai(ar,ei) - Y^ K {x,e t ) +^|A t | 2 



ieF 



ieF 



ieF 



and 



h --=^2\k - (x, e») | 2 = (Aj - (x, e,)) (a* - (a;, e*)) 

j£F ieF 

= Yl [l Aj | 2 + K^'^)! 2 " Xi ( x ' e «) - -M 2 ^)] 

ieF 

= Yl ' Ai ' 2 + X]i^' e ^i 2 ~ Yl Xi ( x > e ^ ~ Y2 x ^ x,e ^- 



ieF ieF ieF ieF 

If we subtract I<i from I\ we deduce an equality that is interesting in its own right 

2 



(2.3) 



x 



Ev, 



teF 



Y^\^- (x^e^ 2 = \\x\\ 2 - Y^\{x, ei )\ 2 , 

ieF ieF 



from which we easily deduce (2.2). | 

The following counterpart of Bessel's inequality holds. 

Theorem 3. Let {ei} ieI be a family of orthornormal vectors in H, F a finite part 
of I, 4> i , $j, i £ I real or complex numbers. For a x G H, if either 

(i) Re (J2 t eF $ * e * ~x,x- £ ieF 0» e ») > °5 



or, equivalently, 



(ii) x-Y, 



eF 2 1 



<l(EieFl^-^l 2 )"; 
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holds, then the following counterpart of Bessel's inequality 



(2.4) 



o<ii.x|i 2 -^i(x, ei )r 



ieF 



< 



< 



sEi*< 

ieF 



M 2 , 



iGF 



is valid. 

The constant \ is best possible in both inequalities. 
Proof. Firstly, we observe that for y, a, A g H, the following are equivalent 
(2.5) Re(A~ y,y- a) > 

and 



(2.6) 



y- 



a + A 



<\\\A-a\\. 



Now, for a = J^ieF 0» e »j ^ = E«eF ®i e i> we have 



|L4-a|| 



-<t>i)e, 



ieF 



ieF 



E 



\ieF 



,ieF 



giving, for y = x, the desired equivalence. 



Now, if we apply Lemma 1 for A, 



and 



ieF 



we deduce the first inequality in (2.4). 

Let us prove that \ is best possible in the second inequality in (2.4). Assume 
that there is a c > such that 



(2.7) O^lrf-^IMI^c^l^ 

ieF ieF 



■E 

ieF 



4>i + ^ 



(X,6i) 



provided that $i,x and F satisfy (i) and (ii). 

We choose F = {1}, e x = e = (75,73) E M 2 , x — (x 1 ,x 2 ) E M 2 , $1 = $ 
m > 0, ^ = <j> = -to, ii = M 2 to get from (2.7) that 

(2.8) 0<xl + xl-^l 



< 4cm 2 



(xx + x 2 y 
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provided 

(2.9) < (me — x, x + me) 



m 



V2 



—= - Xi ) { X! + —=) + [—=- X 2 \ \X 2 + —7= • 



m 



x\ + x\ < 4cm 2 



V2 



From (2.8) we get 

(2.10) 

provided (2.9) holds. 

If we choose x\ = ^i=, x 2 — — J j=, then (2.9) is fulfilled and by (2.10) we get 

m 2 < 4cm 2 , giving c > \. | 

Remark 2. If F = {1} , e\ = 1, |e| = 1 and for <p, $ e IK and x £ H one has 

either 



(2.11) 

or ; equivalently, 
(2.12) 



Re ($e - x,x - <j>e) > 



< 5 I*- 



then 
(2.13) 



< |M| 2 - |(a;,e)| 2 



(x,e) 



<- 4 \* 



The constant \ is best possible in both inequalities. 

Remark 3. It is important to compare the bounds provided by Corollary 1 and 
Theorem 3. 

For this purpose, consider 

1 2 

B x (x, e, 4>, $) :=-($- (j>) - ($e - x, x - <pe) 



and 



B 2 (x,e,(f>,9) := i($-0) 2 



(x,e) 



where H is a real inner product, e € H, \\e\\ = 1, x e H, cj>, <& S M with 

($e - x,x - <j)e) > 0, 

or equivalently, 



4> + $ 

x — ■ e 



- 2 1 



// we choose (f> = — 1, $ = 1, f/ien we /iave 

fix (a;, e) = 1 - (e - x, x + e) = 1 - (|| e || 2 - \\xf) = 
B 2 (x,e) = 1 - (x,e) 2 , 

provided \\x\\ < 1. 

Choose x — ke, with < k < 1. T/ien we gei 

Bi{k) = k 2 , B 2 (k) = l-k 2 , 
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which shows that B 1 (k) >B 2 (k)ifO<k<^ and B 1 (k) < B 2 (k) if ^ < k < 1. 

We may state the following proposition. 

Proposition 1. Let {e{\ ieI be a family of orthornormal vectors in H, F a finite 
part of I, $i G K (i e F). If x £ H either satisfies (i), or, equivalently, (ii) of 
Theorem 3, then the upper bounds 

B x (x, e, <p, F) := j ^ |$, - - Re / ^ ^e, - x, x - ^ \ , 



ieF 



B 2 {x,e,<l>,*,F) := jEl^-^! 2 -E 



ieF 



i£F 



- (x, e») 



ieF 

2 



for the Bessel's difference B s (x, e, F) := \\x\\ 2 — J^ieF K x ' e *)| 2 > cann °t be compared 
in general. 

3. A Refinement of the Gruss Inequality 

The following result holds. 

Theorem 4. Let {ei} ig/ be a family of orthornormal vectors in H, F a finite part 
of I, cp i , $i, 7 i7 Ti £ K, ieF and x,y e H. If either 



(3.1) 



RC ( E ® iEi ~ Xl X ~ E ^ ) - ' 



ieF 



\ieF ieF I 



or, equivalently, 



(3.2) 



ieF 



ieF 



VieF 



ieF 



/io/<i ; t/ien we have the inequalities 
(3.3) < 



ieF 



< 



i( 



VieF 



VieF 



E 

ieF 



< 



VieF 



(x, a) 



Ei r *-^i 

VieF 



r»+7i 



(y, ei) 



The constant \ is best possible. 
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Proof. Using Schwartz's inequality in the inner product space (H, (•, •)) one has 



(3.4) 



E ( x ' e «) e *' y ~ E ' e «) e * 



ieF 



ieF 



< 



ieF 



ieF 



and since a simple calculation shows that 



(x, ei) e z ,y~Y^ (V' e *> e W = V) ~ E ( x > e *> ( e *' 2/> 



»GF 



ieF 



and 



ieF 



kll 2 -X^ x ' e ^! Z 



jeF 



for any x,y e H, then by (3.4) and by the counterpart of Bessel's inequality 
Theorem 3, we have 



(3.5) 



ieF 



< (iwi 2 -Xk^>i 2 ) (imi 2 -Eimi 

V ieF /\ ieF 

iEi**-*i a -E 



ieF 



jeF 



- (x,ei) 



jE^-7 4 i 2 -E 

. ieF ieF 

:= if. 

Using Aczel's inequality for real numbers, i.e., we recall that 



(3.6) 



'« 2 -E a ') (fc 2 -E &2 W a6 -E^) . 

v ieF / \ ieF / \ ieF / 



provided that a, 6, a*, 6, > 0, i e F, we may state that 



(3.7) if < 



i fa* 



\ieF 



jeF 



-E 



$i + 



- (a;, 



(y, ei) 



ieF 



8 



S.S. DRAGOMIR 



Using (3.5) and (3.7) we conclude that 



(3.8) 



< 



E 

»6F 



\i£F 



(a;, e,) 



\i€F 



Taking the square root in (3.8) and taking into account that the quantity in the 
last square brackets is nonnegative (see for example (2.4)), we deduce the second 
inequality in (3.3). 

The fact that \ is the best possible constant follows by Theorem 3 and we omit 
the details. | 

The following corollary may be stated. 
Corollary 2. Let e G H, \\e\\ — 1, <f>, $,7, T <G K and x,y <G H such that either 
(3.9) Re ($e - x, x - <j>e) > and Re (re - y, y - 7 e) > 

or, equivalently, 



(3.10) 



< 




x — 


2 6 



y - 



7 + r 



<2ir-7l- 



Then we have the following refinement of Griiss ' inequality 



(3.11) 0<|<a:,y)-<a:,e)<e,y)| 

<I|$-^l|r- 7 |- 



< _l$-0l|r- 7 |. 



- (a;, e) 



7 + r 



- (y,e) 



The constant \ is best possible in both inequalities. 



4. Some Companion Inequalities 
The following companion of the Griiss inequality also holds. 

Theorem 5. Let {ej} ie/ be a family of orthornormal vectors in H, F a finite part 
of I and fa, i € F , x,y € H and A e (0, 1) , such that either 

(4.1) Re/^$ i e i -(Aa ; + (l-A)y),Aa ; + (l-A)y-^^eA >0 
\ieF isF I 

or, equivalently, 



(4.2) 



Az + (1-A)y-E 



< 



jGF 



ViGF 
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holds. Then we have the inequality 



(4.3) Re 



ieF 



< 



1 1 



16 A(l-A) 



El**- 



ieF 



1 1 



4A(1 - A) f 



1 1 
< > $ 

"16 A(l- A) Z - 1 



- (\x + (1 - X)y,ei) 



ieF 



The constant is the best possible constant in (4-3) in the sense that it cannot be 
replaced by a smaller constant. 

Proof. We know that for any z,u <G H, one has 

1 2 

Re (z, u) < — \\z + u\\ . 

Then for any a,b e H and A e (0, 1) one has 
(4.4) 
Since 



Rc(a,6)< - ||A fl + (l-A)b|| 2 . 



( x , 2/) - X ( x > e 4 ( e «> v) = ( x - E e ^ ei ' y ~ X! e ^ e * 

ieF \ ieF ieF / 

for any x,y e H, then, by (4.4), we get 



(4.5) Re 



Re 



ieF 



< 



( x >y) - X ^' e ^ ^ ei '^ 

ieF 

x - X e »> ei, y - X (f' e ») e ' 
f ieF 

A z-^(^ei) ei +(1-A) e,) e, 

V ieF ) \ ieF ) 

\x + (1 - A) y - X (A.x + (1 - A) y, e t ) e, 

ieF 

||A 2 ;+(l-A)y|| 2 -Xl(Aa ; + (l-A)y, ( 



1 


4A(1- 


A) 


1 




4A(1- 


A) 


1 




4A(1- 


A) 



ieF 
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If we apply the counterpart of Besscl's inequality in Theorem 3 for Ax + (1 — A) y, 
we may state that 

(4.6) 111 " 1:7 X ~* ; 1 



| Ax + (1 - A) y\\ 2 - J2 I (As + (1 - A) y, e t ) f 



ieF 



<iEi^-^i 2 -E 

iEF ieF 

<zEi**-*i a - 



i T Vi 



(Ax + (1 - A)j/,ei) 



Now, by making use of (4.5) and (4.6), we deduce (4.3). 

The fact that jq is the best possible constant in (4.3) follows by the fact that 
if in (4.1) we choose x = y, then it becomes (i) of Theorem 3, implying for A = | 
(2.4), for which, we have shown that \ was the best constant. | 

Remark 4. In practical applications we may use only the inequality between the 
first and the last term in (4-3). 

Remark 5. If in Theorem 5, we choose A = |, then we get 



(4.7) 



Re 



ieF 

$ 4 + 0, / x + y 



<iEi*^i 2 -E 



ieF 



ieF 



ieF 



provided 



Re ( E $ * e * 
\ieF 



x + y x + y 
2 ' 2 



ieF / 



or, equivalently, 



x + y 



J2 .*< + ^ 



2^2 

ieF 



<Uei*<-*«i 



ieF 



We note that (4.7) is a refinement of the corresponding result in [3]. 
Corollary 3. With the assumptions of Theorem 5 and if 

(4.8) Re/^$ iei -(Ax±(l-A)y),Ax±(l-A)y-^^eA >0 

\ieF ieF I 

or, equivalently 



(4.9) 



Ax±(l-A)y-]T 



ieF 



< 



\ IE i* 



VieF 



fften we /lawe i/ie inequality 



(4.10) 



Re 



(a, 2/) - E ^' e ') ( ei '^ 



ieF 



< 



16 ' A(l - A) E 

v y J6F 
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The constant is best possible in (4-10). 

Remark 6. If H is a real inner product space and m,i, Mi G K with the property 



\ieF 



(4.11) (^M l e 4 -(Ax±(l-A) 2/ ),Ax±(l-A) ? y-^m J e J } >0 

We 

or, equivalently, 
(4.12) 



\x±{l-\)y- e, 



iGF 



< 



^ (Mi - m,) 5 
ieF 



then we have the Griiss type inequality 



(4.13) 



( x iV) - E ( x ' e ^ (^'^ 

jGF 



ieF 



5. Integral Inequalities 

Let (O, S, /Lt) be a measure space consisting of a set 0, a cr— algebra of parts £ 
and a countably additive and positive measure p on £ with values in lU {oo} . Let 
p > be a p— measurable function on fi. Denote by L 2 p (f2,K) the Hilbert space of 
all real or complex valued functions defined on fl and 2 — p— integrable on 0, i.e., 

(5.1) f p(s)\f( S )\ 2 dp(s)<^. 

Consider the family {fi} ieI of functions in L 2 p (Q,K) with the properties that 

(5.2) / p (s) ft (s) fj (s) dp (s) = Sij , i,j e /, 
Jn 

where Sij is if i ^ j and Sij = 1 if i = j. {fi} ieI is an orthornormal family in 
L*(Q,K). 

The following proposition holds. 

Proposition 2. Let {fi} ieI be an orthornormal family of functions in L 2 (Cl,K), 
F a finite subset of I, e K (i G F) and f G (fi, K) , so i/iai either 



(5.3) / p(s)Re 
Jo 

or, equivalently, 



dp (s) > 



(5.4) 



p(«) 



/w-E 



AW 



ieF 



d/x(*)< ^El**-' 



ieF 
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Then we have the inequality 

(5.5) 0< f p(s)\f(s)\ 2 dp(s)-J2 [ p(s)f(s)Ti(s)dp(s) 



< 



ieF 



i - Vil 



E 

ieF 



ieF 



In 



P (s) f (s) fi (s) dp (s) 



ieF 



The constant \ is best possible in both inequalities. 

The proof follows by Theorem 3 applied for the Hilbert space l? p (fi, K) and the 
orthornormal family {fi} ieI . 

The following Griiss type inequality also holds. 

Proposition 3. Let {/»} ieJ and F be as in Proposition 2. If (j) i ,^i,^ i ,T i G K 
(i e F) and f, g e I? (O, IK) so that either 



(5.6) / p(s)Re 



p (s) Re 
or, equivalently, 



(*)-/(*) J (/(«)-E&*w) 
E r ^( s )-3( s )) (W)-E^*w) 

vieF /\ ieF ) 



dp (s) > 0, 
dp (s) > 0, 



(5.7) 



P(s) 



/(«)-E^/*u 



ieF 



'(-)-E- 



! 

i/ien we /icwe f/ie inequalities 
(5.8) 



■/i («) 



eF 



^w<^Ei^ 

ieF 

<M*)<2Ei r *-^i 2 ' 



ieF 



/ P (s) f (s) g (s)dp (s) 
Jn 

~E/ P( s )f( s )h ( s ) d M(«) / P(s)fi(s)g(s)dp(s] 



< 



i(E^-^ 2 V(E^-^i 



ueF 



< 



-E 

ieF 



$i + 4>i 



ieF / 

P (s) / (s) /» (s) d/x («) 



P (s) 9 (s) fi (s) dp(s) 



m 2 Ei r *-^ 

/ VieF 

TTie constant \ is the best possible. 



ieF 
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The proof follows by Theorem 4 and we omit the details. 

Remark 7. Similar results may be stated if one applies the inequalities in Section 
4- We omit the details. 

In the case of real spaces, the following corollaries provide much simpler sufficient 
conditions for the counterpart of Bessel's inequality (5.5) or for the Grass type 
inequality (5.8) to hold. 

Corollary 4. Let {fi} ieI be an orthornormal family of functions in the real Hilbert 
space L 2 p (fi) , F a finite part of J, M„m,el (i G F) and f <G l? p (fi) so that 

(5.9) E m ^( s )^/( S )^E M ^( S ) for V - a.e. s e £1, 



ieF 



ieF 



then we have the inequalities 



(5.10) < f p(s) f (s) dpi (s) - E [ / P (*) f (s) fi (s) dp 



(s) 



<iE(^-^) 2 -E 

iEF ieF 

- 1 E ( Mi ~ m *) 2 • 



M t + mi 



P (s) f (s) fi (s) dp (s) 



ieF 

The constant \ is best possible. 

Corollary 5. Let {fi} i£l and F be as in Corollary 4- If Mi, mi, Ni, ni <G R (i € F) 
and f,g € L 2 p (fi) such that 

(5.H) E m ^( s )^w^E M ^( s ) 



»GF 



ieF 



and 



E n ifi ( s ) - 9 (s) < E N *f* ( s ) f or P- a - e - sen. 



ieF 



ieF 



Then we have the inequalities 



(5.12) 



P ( s ) f 0) 9 (s) dp (s) 

~E / P ( s ) f ( s ) fi ( s ) d P ( s ) / P( s )9(s)fi(s)dp(s) 

<i(E( M *-o 2 l (iw-niij 

P(s)g{s)fr (s)dp(s) 



ieF 



E 



Mi + m, 



deF 



ieF 
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